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In this paper we prove the existence of nontrivial convex solutions to the 
Monge-Ampere equation det(D’u) =f ( X, U, Du) with Dirichlet or Neumann 
boundary condition, where f(x, 0,O) =O. We also deal with the existence and 
multiplicity of convex solutions to the equation det(D*u) = Af (x, U, Du). Our results 
show that the existence of convex solutions of Mange-Ampere equations is 
analogous to that of positive solutions of semilinear elliptic equations. ‘C* ,992 
Academic Press. Inc. 
1. INTR~OUCTI~N 
In recent years the Monge-Ampere equation 
det(D%) =f(x, U, Du) in Sz (1.1) 
has been extensively studied, where Du and D*u are the gradient and the 
Hessian of the function U, respectively. Throughout this paper Q is 
supposed to be a uniformly bounded convex domain in R” with C4 
boundary, n B 2. The existence and regularity of convex solutions of (1.1) 
have been derived by means of various methods (see [ 5,7, 11, 15-J and the 
references therein). But most of the authers considered the existence of 
one solution only. On the other hand, it is well known that there exist 
nontrivial solutions to the semilinear elliptic equation 
-Au =f(x, u) in Q (1.2) 
under some assumptions on f(x, u). In particular many results on the 
existence of positive solutions of (1.2) have been obtained (see [9]). The 
multiplicity of solutions to the Dirichlet problem of ( 1.1) has also been 
studied in some special cases. For example, when Sz = B(0, R), Kutev [8] 
and Tso [14] proved the existence of a nontrivial radial solution to (1.1) 
by integral methods and variational methods, respectively. 
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In this paper, we use the methods of degree theory and a priori 
estimation to prove, for general domain Q, the existence of two or more 
convex solutions to the equations of Monge-Ampere type. Our results 
show that the existence of convex solutions of (1.1) is similar to that of 
positive solutions of the semilinear elliptic equation (1.2). 
This paper is arranged as follows. In Section 2, we establish the a priori 
bounds for the solutions of (1.1). In Section 3, we prove the existence of a 
nonzero convex solution to (1.1) under zero Dirichlet boundary condition. 
In Section 4 we treat the Neumann problem and obtain the existence of a 
nontrivial solution. In Section 5, we discuss the existence and nonexistence 
of solutions to the eigenvalue problem 
det(D%) = /If(x, U, Du) in Q. (1.3) 
Finally in Section 6, we extend the existence results to the equation of 
prescribed Gauss curvature 
det(D2u) =f(x, u)(l + ( p12)(nf2)‘2. (1.4) 
For the convenience of later applications, we mention here some facts 
concerning the generalized solutions of Monge-Ampere equations. Let u be 
a convex function; we define the normal mapping P, of u by 
P,(x)= {PER”;p.(y-x)+u(x)~u(y)v~‘yE}, 
and p,(E) = UxsE P,(x) for any subset EcQ. Then p(E)=mes(P,(E)) is 
a completely additive measure [4]. If p(E) is an absolutely continuous 
measure and is represented by a measurable function f(x, U, Du), namely, 
s j-(x, u, Du) dx = P(E) for any Bore1 set E E 9, E 
then u is said to be a generalized solution of det(D2u)=f: The existence, 
comparison principle, and convergence of generalized solutions were 
proved (see [4, 12, 171). Therefore one can use the method of super- 
solution and subsolution to solve (1.1) (see [ 1)). We describe the 
procedure briefly here. Suppose the continuous, convex functions U and u 
are the supersolution and subsolution of 
det(D*u) =f(x, U) in Q, u=O on&Z& 
respectively, i.e., 
Pi G bL,(E) 2 F rev.) J,fCx, u) dx V Bore1 set E c Sz 
ii20 (EGO, resp.) on f3Q. 
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Let u0 = ii (or zq, = u), and let U, be the solution of 
det(D*u) - Cu =f(x, uj- ,) - CM,-, in Q, 
u=o on da. 
Then {u,} is monotone, and it converges to a generalized solution u of 
(1.1) where C > 0 is such a constant that f(x, z) - Cz decreases in z for 
z E (infQ _u, sup, U). If u,,f~ C*, and for any 6 > 0, 
inf{f‘(x,z);xEQfi,zE[i$-U, s;;ii]}>,C(6)rO 
then u is a classical solution of (l.l), where 52, = {x E Q; dist(x, 852) > S}. 
In this paper, only convex solutions are considered. We use C to denote 
various constants under control, and use 11 u I( O,R, 11 u /I k,R, and (I u )I k + ol,R to 
represent 11 u 11 Lm(Rj, (I u )I cktnJ, and I/ u II c~+~~nj, respectively; the subscript Q 
is omitted when it is apparent, where k is any integer, a E (0, 11. 
Having completed this paper, the author was informed that Tso [19] 
had discussed the problem 
det(D’u) =f(x, U) in Q, 
u=o on asz. (1.5) 
and obtained the existence of nontrivial solutions to (1.5) by means of 
variational methods. 
2. A PRIORI BOUNDS 
We consider the problem 
det(D*u) =f(x, u, Du) in 52, 
~(x)D,u+cl(x)u=t,b(x) on a52, (2.1) 
where y = y(x) is the unit outward normal to i3Q, f>, 0, fl> 0, a and $ are 
continuous functions, and 
We suppose that 
a(x)>ao>O VXEQ. (2.2) 
f(x, z, P) 2 42) vx E qx,, 6) z < 0, PER” for some ball 
B(xo, 6) c 52 and some nonincreasing function F(z) 2 0; 
and lim z--m F(z)/lzJ”= +co. (2.3) 
Noting that D,u = lim, _ 0 [u(x + tr) - u(x)]/t is well defined if u E C”~‘(D) 
is convex, we have 
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THEOREM 2.1. Suppose (2.2), (2.3) hold; if ME C?,‘(8) is a generalized 
solution of (2.1), then 
Il4lobM (2.4) 
where A4 depends only on 6, diam(Q), uO, F(t), and /I II/ Ilo. 
ProoJ: By the convexity it follows that u attains its maximum at some 
point x’ E %2 where D,u 2 0. From the boundary condition in (2.1) we 
have 
sup U = U(X’) = [$(x’) - /?(x’) D,u(x’)]/a(x’) 
n 
d /III//lo/“o=:~~ (2.5) 
Let M= - inf, U. We may suppose A4 2 0. By the convexity of u we have 
U(X) 6 sup u + [inf u - sup u] dist(x, &?)/diam(Q) 
R R R 
(2.6) 
1 k(x)1 < [sup u - U(x)]/dist(x, &2) 
R 
, (2.7) 
where d = diam(Q). Set s = (2/6)(K + M); from (2.7) we have 
P,(B(x,, fQ)cB(O, s)= {xER”; 1x1 <.s}. Thus 
= s f (x, u, Du) dx 2 s F(u) dx. B(-%o,(lP)a) B(xo.(WP) 
From (2.6) and the monotonicity of F(t) we obtain 
mes(B(O,r))bF(K-$M)mes(B(x,,,t6)), 
namely, 
(K+M)-“F(K-&M)<C(n,6). 
Since K is a fixed constant, from (2.3) we obtain (2.4). m 
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Remark 2.1. If the Neumann boundary condition in (2.1) is replaced 
by an oblique derivative condition, Theorem 2.1 still holds. 
In [lo] Lions considered the eigenvalue problem 
det(D2u) = 11,~ 1” in Q, 
u=o on asz w3) 
and proved the existence of a unique ,I1 =2,(Q) 20 such that (2.8) 
possesses a nonzero convex solution 4 E Cm(Q) n C’.‘(n) for A= A’. For 
any t > 0, t$ is still a solution of (2.8). A1 is called the eigenvalue of the 
Monge-Ampere operator, and 4 its eigenfunction. 
We now turn to the Dirichlet problem 
det(D*u) =f(x, u, Du) in Q, 
u=o on a52. (2.9) 
Suppose that there is a nonincreasing function F(t) > 0 such that 
.I-(& z, P) 2 F(z) VXEQ, z<O, PER”, and 
lim F(z)/\ z 1’ > 2;. 
z--r-x 
(2.10) 
We have 
THEOREM 2.2. Suppose (2.10) holds. If UE C’-‘(a) is a generalized 
solution of (2.9), then 11 u (I o d M, where A4 depends only on F, n, Q. 
Proof: For any fixed t > 0, denote 0’ = { fx; x E Q}. By the uniqueness 
of eigenvalues of (2.8) we have I,(P) = tp’A,(Q). Without loss of 
generality we may suppose the origin 0 E Q, which implies Q’ c Sz for any 
t< 1. 
If the conclusion of Theorem 2.2 is not true, then there exists a sequence 
of functionsfj(x, z, p) withfj(x, z, p) 2 F(z) Vx E Q, z d 0, p E R”, so that the 
sequence of solutions uj of 
det(D2uj) =f;(x, uj, Du,) in Q, uj=O onaL2 
satisfies 44, = 11 ui )I o = - inf, uj + co as j+ co. From (2.10) there exist 
x>/z, and to (0, 1) such that lim,,, F(z)/Jzl”> 1” and n,(Q)= 
tp2Al (Q) < X. Since u,(x) -+ - co uniformly in Sz’, we have 
det(I12uj) 3 2” I uj 1 n in Q* 
provided j is sufkiently large. Fix such a j. Let 4, be the eigenfunction of 
the Monge-Ampere operator on Qt. Replacing 4, by ~4, for some small s 
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we may suppose ~$,(x)>u~(x) in 52’. Thus dt(x) and u,(x) are the super- 
solution and subsolution of the Dirichlet problem 
det(D2u) = 1 Xu 1’ in Q’, u=O on&2’, (2.11) 
respectively. Therefore there is a solution u of (2.11) which satisfies 
$((x) 2 u(x) > uj(x). This means both X and t-2ll are the eigenvalues of 
the Monge-Ampere operator on R’, which contradicts the uniqueness of 
eigenvalues. 1 
In comparison with the conditions for the a priori estimation of positive 
solutions of semilinear elliptic equation (1.2), the hypotheses in 
Theorems 2.1 and 2.2 are quite simple. From the above estimates we 
conclude the following nonexistence results. 
COROLLARY 2.3. Suppose (2.2), (2.3) hold. Then there exists A, > 0 such 
that the problem 
det(D2u) =f(x, u, Du) + A in 52, 
/3x) D,u + 4x1 u = WI on asz 
(2.12) 
admits no solution for 12 A,. 
Proof: If ui is a solution of (2.12), by Theorem 2.1 we have /I u1 I( ,, 6 M 
for some M> 0 independent of II 2 0. Let w(x) be the solution of 
det(D2w) = 1 in Q, w=O 0niX2. (2.13) 
Then det(D2(A1’“w +M)) = A < det(D*u,). By the comparison principle it 
follows that 2”“~ + M> uj. 2 -M, i.e., 2 < [2M/inf, ( w I]“. 1 
Similarly we have 
COROLLARY 2.4. Suppose f (x, z, p) satisfies (2.10). Then there exists 
1, > 0 such that if A> A,, there is no solution of 
det(D2u) =f (x, u, Du) + II in 0, u=O on&?. 
Moreover, we have 
COROLLARY 2.5. Suppose f 2fo>0, (2.2) and (2.3) hold. Then there 
exists 1, > 0 such that if A> A,, there is no solution of 
det(D2 u) = ;If (x, u, Du) in Q, 
B(x) D,u + 4x1 u = t4x) on asz. 
(2.14) 
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Proof: If A > 1 and Us is a solution of (2.14), then 1) u1 I/,, < M for some 
M > 0 independent of 1 B 1. Let w(x) be the solution of (2.13). Then 
det(D2((J.f0)“” w)) = AfO < det(D*(u, - M)) in 0, 
w=O>u~,-M on asz. 
By the comparison principle it follows that (E&)“” w > ui. - M> -2it4, 
which implies 2 d [ 2Mlf,“” inf, 1 w I] “. 1 
Remark 2.2. Having established the L” bounds for the solutions of 
(2.1), we can obtain the C3 + ’ estimation by virtue of the regularity results 
of Monge-Ampere equations. We state it as follows. 
Suppose u E C’(Q) n Co% ‘(0) is a convex solution to the equation 
det(D*u) =f(x, u, Du) in Q (2.15) 
with the Dirichlet boundary condition u= $ on 852. If f~ C*, $ E C4, 
f(x, u, Du) >/f. > 0, and 
fb,z,P)~P(Z)IPI”+l VXEQ IpI (2.16) 
for some continuous function p(z), then 
II lJ II 3+xdM for some u E (0, 1). (2.17) 
where ~4 depends only on II u Ilo, II IL l14J0, andfup to its second derivatives 
(see [7]). If u E C3(@ is a convex solution of (2.15) with the Neumann 
boundary condition D,u + a(x) u = II/, and f~ C2, a, tj E C3, a > a, > 0, 
f(x, u, Du) >fo > 0, then u satisfies (2.17), where M depends only on 
IIuIIo, llt+I13, )Ial13, aO,fo, andfup to its second derivatives (see [ll]). 
3. EXISTENCE OF NONTRIVIAL SOLUTIONS TO THE DIRICHLET PROBLEM 
We consider the problem 
det(D*u) =f(x, u, Du) in 0, 
u=o on asz. (3.1) 
Suppose f(x, z, p) E C2(6 x R x R”) satisfies 
fk z, P) > 0 Vz<O, XEQ, PER”; (3.2) 
lim f(x,z,~Mlzl”+ I PI”)=0 
IPI + IZI -0 
uniformly for x E Q, (3.3) 
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that is, Vs>O, 3C,>O such that if IzI + (pi < 1, 
f(~,z,P)d~(lZln+Ipln)+C,(lzl”+l~~~)~. (3.3)’ 
In addition, we suppose there exists a continuous function p(t) such that 
f(~,z,P)dP(4~BlPl’ forall Ipl>l,x~Q, (3.4) 
where d, = dist(x, %2), j3 Z max(O, y - n - 1). We first prove 
LEMMA 3.1. Let u E C3(sZ) n Cog’ be a solution of (3.1). Zf f satisfies 
(3.4), then 
/I u II @J(Q) Q MO, (3.5) 
where MO depends only on Q, )I MI/~, p(t), j?, y. Furthermore, if f satisfies 
(3.2), then for any compact subset 52” of Q, we have 
II u II c](p) G M, 3 (3.6) 
where M, depends only on Q”, Sz, 11 u Ilo, 1) u 1) @,I, andf: 
Proof Inequality (3.5) is a direct consequence of Theorem 17.21 in [7]. 
To show (3.6) we denote k = -sup,.. u, 6 = dist(Q”, 8Q). Then from the 
convexity of u it follows that k > 6 I( u Ilo/diam(Q). Let 52’= {xEQ; 
u < - $k}; from (3.5) we have dist(Q’, %2) > k/2Mo, dist(Q”, 852’) 2 k/2Mo. 
Hence f (x, u, Du) > a in 52’ for some a > 0. Noting that u = ik on XY, we 
have (see [7]) 
II 24 IIcqn’) d M2 9 M, depends on 52’. 
And therefore by Theorem 17.14 in [7] we obtain (3.6). 1 
Remark 3.1. From the proof we see that the constant M, in (3.6) 
depends only on the value off in Q’, i.e., M, is irrelevant to the values of 
f (x, z, p) where z 2 - $k = 4 sup,.. u. 
THEOREM 3.1. Suppose fe C2(n x R x R”) satisfies (2.3), (3.2k(3.4). 
Then problem (3.1) possesses a nontrivial convex solution u E C3 + ‘(Sz) n 
C”~‘(8), a E (0, 1). 
Proof: First we consider the case y < n + 1. 
For each 6 E (0, l), choose a nonnegative function f6 (x, z, p) E 
C2(Dx Rx R”) satisfying (3.3)’ with the constant C, independent of 
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6~ (0, 11, and fs( x,z,p)=O for IzI <4f6( x, z, p) =f(x, z, p) for I z I > 26. 
Let T, be the mapping defined by u = T,u which is the solution of 
det(D2u) =.f6(x, u, Du) + t in 52, 
u=o on asz. (3.7) 
Then for any E > 0, T, is a completely continuous mapping from 
(t, U)E [E, co) x C:(D) to C:(0), where C:(Q) is the set of functions in 
C’(Q) which vanish on 852. Since f6 (x, z, p) = 0 for 1 z 1 < 6, we have 
T,(u)= T,(O)=r""T,(O)=t""T,(u) for all u E B,, 
where T, = T*=,, B, = {u E C:(o); II u II3 < S}. Thus there exists Q(6) > 0 
such that T, (B,) c B, for t E (0,19(s)), and 
deg(Z- T,, B,,O)= deg(Z, B,,O)= 1, t E (0, e(s)). (3.8) 
For any E > 0, and t E [E, A,], by Theorem 2.1 and Remark 2.2, the 
solution u = u, of the problem 
det(D2u) = fs (x, u, Du) + t in Q, 
u=o on as2 (3.9) 
satisfies 11 u II 3 + a <IV, for some M, > 0 independent of t, where I.,>0 is 
such a constant that (3.9) has no solution for t > A, (see Corollary 2.3). 
Hence deg(Z- T,, BMc, 0) = y is well defined and independent of I E [E, A,,]. 
Let t = &. We get y = 0. From (3.8) we therefore deduce that 
deg(I- T,, BMc\&,O)= - 1, for 2 E [E, e(S)]. (3.10) 
By the arbitrariness of E > 0, problem (3.9) possesses a solution u6,, 4 & for 
t < e(s). 
Let t(6) = 2 P”P~; E > 0 small will be determined below. We claim that 
ug = ug,r(61 + u. 35 0 as 6 -+O (extract a subsequence if necessary), and 
u0 E C3+Or(Q) n C”~‘(Q is the solution of (3.1). 
Indeed, denote s = - inf, u~,~. Then s 2 6 (otherwise 0u6,r is a fixed point 
of Twr, which contradicts Tent (&) c B,, where 0 = S/l1 ug,, 11 3 E (0, 1)). We 
verify further that s> Co for some Co > 0 independent of TV (0, t(s)). 
Indeed, if s < 1, by the convexity of ug., we have (suppose diam(Q) = 1) 
and 
I Z&,,(x)1 2 s/diam(Q) 2 s on asz, (3.11) 
1 Du6,,(x)I 3 (u6,,(x) - inf u)/diam(Q) > s/2 if ug,, > -s/2. 
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Thus 
From (3.3)‘, we obtain 
for t<t(s) and lul+lDul<l, where u=u&,(. Denote Q’=(xE@ 
JDu[ <s}. From (3.11) we have XJnQ’=%, and Iu~“+)DuI”<2s”d2 
for x E Q’. Hence 
s det(D2u) dx = .Is (x, u, Du) + I R’ lul”+ IDUI” I Q’ lul”+ IDu(” 
< s t-E+&1 +C,,(l4”+ IDul”)l fix R’ 
< [E + E, + 2s”C,,] mes(Q’). 
On the other hand, 
2 I dp B(0.s) S” + I PI .a s d! ~ = C(n), NO. 1) 1 + IPI” 
where u = u~,~. Combining the above inequalities we obtain 
&+&I + 2s”C,, 2 C(n, l-2). 
Let E, =$(n, Sz), s=min (E,, 2”JPnQ(b)). Then t(6)=2P”6”~<8(6), and 
s = II U&1(6) II0 2 co > 0. (3.12) 
Denote u6 = Us,,. From Lemma 3.1, there is a subsequence of (u,), still 
denoted by (Us), which converges to u. # 0 in C’(a), and u. E Co, ‘(0) is a 
generalized solution of (3.5). 
We claim u. is a classical solution. Indeed, for any fixed Q’ c 52, from 
(3.12) and by the convexity of ZQ, we have ug < -28 in Q’ for some 8 > 0 
sufficiently small. This means fa(x, z+, Du,) =f(x, u6, Du,) in r;Z’ for 
6 E (0, 0). By (3.6) and Remark 3.1 it follows that II ug II cj(n,j < C for some C 
independent of 6. Let 6 + 0. We obtain u. E C2+‘(1;2’). By the arbitrariness 
of Q’, and the elliptic Schauder theory it follows that u. E C3 +“(a), 
a E (0, 1). 
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Finally we treat the case y > n + 1. We choose f, E C2(a x R x R”) 
satisfying (3.2), (3.3)’ with the constant C, independent of m, and f, =f 
when IPI<m,f,(x,z,p)~~~(z)lpl”when Ipj>m(ifwechoosesuitable 
h,(p) E C*(R”, R”), then f,,, =f (x, z, h,(p)) is the desired function). Let 
U, E C3 + “(Q) n Co,‘(a) be the solution of 
det(D*u) = fm (x, u, Du) in Q, u=O on K?. 
From Theorem 2.1 and Lemma 3.1 we have sup I Du, I G M for some M 
independent of m. Therefore U, is a solution of (3.1) for any m > M. 1 
Remark 3.2. Theorem 3.1 still holds if condition (2.3) is replaced by 
(2.10) since from Theorem 2.2 we still have the boundedness of solutions 
of (3.1). 
We now consider the simpler case 
det(D2u) =f (x, u) in Q, 
u=o on ai-2. (3.13) 
Suppose f (x, 24) satisfies 
limf(x,u)/~uyd'I', (3.14) 
u-0 
lim f(X, u)/lul">A'f (3.15) 
u-s 
uniformly for x E Q, where E., is the eigenvalue of the Monge-Ampere 
operator. 
THEOREM 3.2. Zff(x, U)E C2(D x R) satisfies (3.14), (3.15), and 
f(x, u)>O VXEQ u-co, (3.16) 
then there exists a nontrivial solution u E C3(Q) n C”,‘(G) of (2.1). 
Proof. For any given 6 E (0, l), let f6 (x, U) be a sequence of C2 
functions which satisfies (3.3), fs <f, fa (x, u) =f (x, u) for u < - 6, 
and lim I _ o fd (x, u)/l u 1” = 0. By Theorem 3.1, there exists a solution 
u,EC3+yQ)nc?J(8) of 
det(D2u)=f,(x, u)+6 lulZn in Q,u=OondQ. 
From (3.14) there exist 1~ (0, A,) and Co>0 such that for any 6 E (0, 1), 
f6(X,U)+61u12"~XnIUIn V(X,U)EQX[-Co,O]. (3.17) 
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/Iu6)I = -infu,aC,. (3.18) 
R 
Indeed, if (3.18) does not hold, then from (3.17), ug is a supersolution of 
det(D2u) = 1 Xu In in Q, 24=0 0naQ. (3.19) 
Let 4 be the eigenfunction of the Monge-Ampere operator. Replacing 4 by 
td for some large t we may suppose 4 < ug in Q. Hence ug and 4 are the 
supersolution and subsolution of (3.19), respectively. Therefore, (3.19) has 
a solution u satisfying ug 2 u 2 4 in 52. This means both X and ;1, are the 
eigenvalues of the Monge-Ampiere operator; this is a contradiction. 
Consequently from Theorem 2.2 and Lemma 3.1, similar to the proof of 
Theorem 3.1 we see that there exists a subsequence of u6 which converges 
to u,#O as 6+0 and u,EC3+a(12)nCo3’(8) is a solution of (3.13). [ 
Remark 3.3. Theorem 3.2 still holds, if condition (3.15) is replaced by 
(2.3). 
Remark 3.4. Observing that the Cl,’ bounds do not need the strict 
positivity of the right-hand side of the Monge-Ampere equation (see [ 18]), 
we see that the solution u of (3.13) belongs to C’5’(B), even if condition 
(3.16) is removed. 
We have treated the case when f”“(x, z, p) is superlinear in z as z + co. 
The other case is that f’ln(x, z, p) is sublinear as z + 00, that is, 
lim f(x, z, p)/l z 1 n = 0 uniformly for x E 52, p E R”. (3.20) 
z--a: 
If f satisfies 
lim.04 z, pMzl”> 21 uniformly for x E Q, p E R”, (3.21) 
2-O 
&l-(x, 090) = 0, (3.22) 
then as in Section 2 we can establish the a priori bounds for the solutions 
of (3.5), and using degree theory as above we are able to derive the 
existence of a nontrivial solution. But in this case, td and Tq5 are the 
supersolution and subsolution of (3.5), respectively, provided t is small 
enough and T large enough, where 4 is the eigenfunction of (2.8). Therefore 
we obtain a nontrivial solution of (3.5) immediately. 
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4. EXISTENCE OF NONTRIVIAL SOLUTIONS TO THE NEUMANN PROBLEM 
In this section we are concerned with the problem of the existence of a 
function 24 satisfying 
det(D2u) =f(x, u, Du) in Q, 
D,u+a(x)u=O on an, (4.1) 
where y is the unit outward normal to XI, a(x) E C3(a),fe C’(n x R x R”). 
We suppose 
a(x) > cto > 0; (4.2) 
lim f(x,z,~)/(Izl”+l~l”)=O uniformly for x E 52; (4.3) 
I~l+lPl+o 
f(4 z, PI > 0, z<O, XE~=& PER”. (4.4) 
We begin by proving the following lemma. 
LEMMA 4.1. Suppose u E C”*‘(n) is a convex function and satisfies the 
Neumann condition in (4.1). Then u < 0 in Q, and 
Co d sup u/inf u d 1, 
R R 
where Co depends only on Q, 11 LX(X)[~~. 
Proof: The lemma is trivial if u = 0. So we suppose u #O. From the 
convexity it follows that u attains its maximum at some point xOe dQ 
where D,u > 0. Hence u(x) d #(x0) = -D,u(xO)/c((xo) < 0. 
Denote A4 = - inf, u, m = -sup, u. Then M 3 m > 0. Let x E 52 be such 
a point that Ix-x0 I = dist(x, X2), and (x0-x)/l x0-x I = y(x,). From the 
convexity of u we have 
u(x) <sup u + (inf u - sup u) dist(x, aQ)/diam(Q) 
R R $2 
=g(m--M)-m, 
where d = diam(Q), 6 = 1 x - x0 I. Consequently the Neumann condition in 
(4.1) gives 
Since u(xo) = -m, we obtain M< (dcl(x,) + 1) m. 1 
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The main result of this section is 
THEOREM 4.1. Suppose f~ C2(8 x R x R”), a(x) E C3(@, and (2.3), 
(4.2)-(4.4) hold. Then problem (4.1) admits a nontrivial solution 
UEC3+~(A=2), clE(O, 1). 
Proof: Denote B = {U E C’(n); D,u + 01(x) u = 0 on XI}. Then B is a 
closed linear subspace of C’(Q). From (4.3), VE > 0, we have 
f~~~~~P~6~~I~I”+IPI”~+~,~I~I”+IPl”~2 v IZI + I PI< 1. (4.5) 
For any given 6 E (0, l), let fa(x, z, p) E C’(a x R x R”) be a function 
satisfying (4.5) with the constant C, independent of 6 E (0, l), and 
fs (x, z, p) = 0 for I z I < 6, fs (x, z, p) =f(x, z, p) for I z I > 26. Let T, be the 
mapping defined by u = T,v which is the solution of 
det(D2u) =fb (x, v, Dv) + t in 52 
D,24+cc(x)24=0 on 852. (4.6) 
Then T, is completely continuous from [E, co) x B to B for any E > 0. 
Observing that fa (x, z, p) = 0 for I z 1 < 6, we have 
T,(v) = T,(O) = ilinT, (0) = t”“T, (v) forany VEB~, 
where B, = (UE B; II u II3 < 6). Hence there exists 0(S) ~-0 such that 
T,(B,) c B, for t E (0, 0(S)), and 
deg(Z- T,, B,, O)=deg(Z- ilinT,, B,, 0) 
= deg(Z, Bg, 0) = 1 for t E (0, e(S)). (4.7) 
On the other hand, V’E > 0, A, > 0, from Theorem 2.1 and Remark 2.2, the 
solution 24 = ug,, of 
det(D2u) =fa(x, U, Du) + t in Sz 
D,u+cc(x)u=O on aa (4.8) 
satisfies 
II 24 II3+rGWE, &I) for t E [a, A,]. 
From Corollary 2.4 we may choose 2, so large that (4.8) has no 
solution for t 2 A,. Let M,> M(E, A.,). Then the topological degree 
deg(Z- T,, B,, 0) = y is well defined and independent of t E [E, A,]. Let 
t = &; we get y = 0. From (4.7) we thus obtain deg(Z- T,, B,,,,,\B,, 0) = 
- 1. Hence (4.8) admits a solution u~,~ #Ba for t E (0, e(S)). 
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We claim that there exists t(s) > 0 such that for any t E (0, t(s)), 
Il~~,ll~= -infu,,,>C* (4.9) n 
for some C* independent of 6 E (0, 1). Indeed, denote s = -inf, u~,~. Then 
s > 6 (otherwise kg,, is a fixed point of To.,; this contradicts Tsn,(B,) c B,, 
where I3 = S/l\ u6 /I3 E (0, 1)). Formula (4.9) is trivial if s > 1, so we may 
suppose s < 1. By the convexity of us,,, Qx E 852, we have 
1 
IDua,,(x)l >-(~,(x)-infu~,,) d R 
where d = diam(a). Hence 
I &5,,(x)l 2 c,s on af2, C, = ao/( 1 + da,). (4.10) 
Let t(8) = C;fd”s; E small will be determined below, C, is the constant in 
Lemma 4.1. From Lemma 4.1, we have u~,( < - C,s < -C,6. Thus 
for t~(0, t(6)) and 1~1 +[DuJ < 1, where u=u~,~. Set G’= (~~52; 
\Du~,,~ <C,s}. From (4.10) we have &2nn’= $3 and l~~,~l”+ IDu,,,l”< 
(l+C;)s”dl+C;onSZ’.Thus 
s det(D2u) lul”+ IDUI” dx< R’ s R, [E+E,+CE,(IUI~+IDUI~)I~~ 
On the other hand, 
5 
deW*u) dx = 4 
62’ lul”+ IDUI” s B(O,ClS) Id”+ I PI” 
2 s 
4 
“2 s 
dp 
B(O, CIS) 9 + I P I 
-= c*, 
B(O.CI) 1+ I PI” 
where u = Us,!. Combining the above inequalities we obtain 
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Let E, = $C,, s = min($C3, (Cod)-” 0(S)). Then t(s) = C;f6”.s < e(s), and 
s 2 C* for some C* > 0 independent of 6 E (0,l). Hence (4.9) follows. 
Consequently from Lemma 4.1 it follows that u&,, < - COC* for t < t(6). 
Let 6 < f&C’* be fixed. Since fa(.x, z, p) =f(x, z, p) for /z 1 > 26, u~,( is a 
solution of 
det(D2u) =f(x, U, Du) + t in Q, 
D,u + a(x) 24 = 0 on &2. 
Therefore from (4.4) and Theorem 2.1 we have 
for some C4 independent of TV (0, t(8)). By the regularity results in [ 1 l] it 
follows that (1 Us,, /I3 6 M for some M > 0 independent of t E (0, t(8)). 
Extract a subsequence, still denoted by (u,,,) so that u6,! -+ u,, in C2+‘(8) 
as t --) 0. Then u,, #O is a solution of (4.1). From the elliptic Schauder 
theory it follows that uOo C3Ca(Q). m 
5. EXISTENCE OF MULTIPLE SOLUTIONS 
In this section, we discuss the existence, nonexistence, and multiplicity of 
solutions to the eigenvalue problems of Monge-Ampere equations. First we 
consider the Dirichlet problem 
det(D2u) = Af(x, U, Du) in Q, 
u=o on 32. (5.1) 
Suppose that 
.0x, z7 P) ah > 0 V(x, z, p) E (0 x R x R”), 
fk ZYP) <cc(z)1 PI”+ l for Ipl>L 
(5.2) 
(5.3) 
where p(t) is a positive continuous function. We have 
THEOREM 5.1. Suppose f(x, z, p) E C2(8 x R x R”) satisfies (5.2), (5.3), 
and (2.3). Then there exists 1* > 0 such that problem (5.1) possesses at least 
two solutions for each 1 E (0, A*), admits at least one solution for A= A*, and 
has no solution for II > A*. 
Proof: Denote 1* = sup (A; (5.1) admits a solution}. From Corollary 2.5 
it follows that ;1* is finite, and (5.1) has no solution for J > I*. 
SOLUTIONS OF MONGE-AMPtiRE EQUATIONS 111 
First we prove i* > 0. We define the mapping T of C:(Q) to C:(n) by 
u = T(v) which is the solution of 
det(D2u) =f(x, u, Do) in Q, u=O on X?. (5.4) 
Then the solutions of (5.1) correspond to the fixed points of A”“T. By the 
elliptic regularity we see that T is completely continuous. Hence there is 
I>0 such that A”“T(Bl)c B, for 1”~ [0, X], where B, is the unit ball in 
C:(a). Thus deg(Z- A”nT, B,, 0) = y is well defined and independent of 
A E (0,X). Let A = 0; we get y = 1, which implies A* 3 ;i > 0. 
Next we prove (5.1) admits at least one solution for A= A*. Let i,,, --) A* 
be a sequence such that (5.1) admits a solution U, for A = A,,,. Since %* > 0, 
we may suppose A, z $* for all m 3 1. From Theorem 2.1 and Remark 2.2 
it follows that 11 U, 11 3 + 1 6 A4 for some u E (0, 1) and M > 0. Therefore there 
is a subsequence of (u,) which converges to U* E C’(Q); U* is a solution of 
(5.1) for A=A*. 
To complete the proof we have to prove that (5.1) possesses at least two 
solutions for A E (0, A*). Let &E (0, A*) be any given. From Theorem 2.1 
and Remark 2.2 we see that II u /I 3 + a < M, for any solution u of (5.1) with 
M, independent of 1,~ [A,, i* + 11. Thus deg(Z- L’/‘T, B,,,,,, 0) = y is well 
defined for i E [A,, I* + 11. Since there is no solution of (5.1) when 
I = A* + 1, it follows that 
deg(Z- A”“T, B,, 0) = 0, VM>M,, AE[&,A*+l], (5.5) 
where B,= {u~Ci(a); IIu(13<M}. 
Let @ = {UE C:(a); u> U* in 52, au/ay < iA*/@ on aa}, and GR = 
@ n B,. For R large we will find a solution in @, of (5.1) for A = A,. 
For all o E C:(a), let S,(u) E C:(a) be the solution of 
det(D2u) = tllof(x, u, Do) + (1 - t) A&x, u*, Du*) in Q, 
u=o on an. (5'6) 
Then S, is completely continuous from (t, u) E [0, l] x C:(n) to C:(a). 
The fixed points of Si are equivalent to the solutions of (5.1) for A= A,. If 
u E QR is a solution of S,(U) = U, then 0 > u > u*. Thus II u I( 3 < M,, and S, 
has no fixed points on a@, n { 11 u 11 3 = R} for R > M,. We claim that there 
is no fixed point of S, on the remaining part of a@,. For if u is such a fixed 
point, then either u = U* on some point x’ E 0, or &/ay = &*/ay at some 
point x” on %2. In the first case we have (D’u) > (D’u*), Du = Du*, u = u* 
at x’. Therefore. 
det(D2u) - det(D2u*) = (A, - A*)f(x, u*, Du*) < 0; (5.7) 
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this contradicts (D*u) > (D%* ). In the other case since u = U* = 0 on 852, 
we still have (5.7). Thus in a neighborhood o E 0 of x”, 
det(D2u) < det(D*u*). 
Since u(Y) = u*(x”), u>, u*, by the maximum principle it follows that 
au/ay < au*/+, also a contradiction. Consequently the topological degree 
is well defined and independent of t E [IO, 11. Let t = 0. From (5.6) we have 
So(u) = (no/l 1 * ‘ln U* E Qp, for any c E C:(a); hence y = 1. Therefore S, has 
a fixed point u E QR which is a solution of (5.1) for A= 1,. 
Noting that S, = #“T, choosing M > R in (5.5), we obtain 
deg(Z- &‘“T, B,\@,, 0) = - 1. Therefore for A E (0, A*), (5.1) possesses at 
least two solutions 
U,E@R and uz E B,\g,, (5.8) 
respectively. This completes the proof of Theorem 5.1. 1 
Remark 5.1. It is not hard to see that condition (5.3) in Theorem 5.1 
can be replaced by (3.4). Indeed, we may deal with this case as in the proof 
of Theorem 3.1, and obtain the desired results. 
Theorem 5.1 states the existence of two solutions of (5.1). If f satisfies 
some other conditions, we are able to prove the existence of three or more 
solutions of (5.1). For example, we have 
THEOREM 5.2. Suppose f(x, z, p) E C2(B x R x R”) satisfies (2.3), (5.3). 
Suppose also that f(x, 0,O) = 0, and f(x, z, p) > g( I z 1 + 1 p I), where 
g(t) E C(R) is a nondecreasing function satisfying 
limg(t)/ltl”= +a. (5.9) 
r-0 
Then there exists A* > 0 such that (5.1) admits at least three solutions for 
A E (0, A*), at least two solutions for A= A.*, and has the unique solution u = 0 
for A>il*. 
Proof. Since u = 0 is a solution of (5.1), it suffkes to prove that there 
exists A* > 0 such that (5.1) has at least two nonzero solutions for 
I E (0, A*), one nonzero solution for A = 1*, and has no nonzero solution 
for II > A*. 
Suppose u = uj. is a nonzero solution of (5.1). Let A4 = 11 u 11 o = - inf, u. 
Then I Dul <M/6 on aQ,, u< -6M/d in Q,, where d= diam(Q), Q, = 
{x; dist(x, &Q) > S>. Thus 
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(W6)” mes(B(O, 1)) > s dp 
Du(R&) 
= Jo, det(D*u) dx = A JQ,f(x, II, Du) dx 
Choosing 6 > 0 suitably we obtain 
M”dlC,g(C,M), 
where C,, C, depend only on Q. Consequently, 
(5.10) 
M= Ilull,bC,(~)>O 
for some continuous function C,(n). 
(5.11) 
Let A* =sup(1; (5.1) has nonzero solutions}. We claim that A* < co. 
Indeed, if there is a sequence (1,) which tends to infinity such that (5.1) 
has a nontrivial solution U, for i = A,,,. Without loss of generality we may 
suppose A,,, > 1. From Theorem 2.1 we have M, = 11 U, Ilo < M for some M 
independent of m. If M,,, has a subsequence which converges to a positive 
constant, then A,g(C,M,) + + co. This contradicts (5.10). If M, -+ 0. 
then (5.9) contradicts (5.10). Hence I* < co. 
The results (5.10) and (5.11) still hold for the solution u = u~,~ of 
det(D*u) = J(f(x, u, Du) + t) in Q, 
u=o on asz (5.12) 
for any t >, 0. Applying Theorem 5.1 to (5.12), we obtain ,l,! > 0 such that 
(5.12) admits at least two solutions for 1 E (0, A:), at least one solution u,! 
for A= A:, and has no solution for ,l> 2:. Since for any t, > t, > 0, U: is 
a subsolution of (5.12) for t = t i , by Theorem 7.1 in [ 53 there is a solution 
of (5.12) for t = t,. Thus 2:: 2 J.:, and 2: ~I*E(O, co) as t-+0. Let t-+0. 
Similar to the proof of Theorem 5.1 we have u: + U* # 0; U* is a solution 
of (5.1) for 1= A*. 
We now show that (5.1) has at least two nonzero solutions for 
IE (0, A*). Let &,E (0, A*) be any given, and let u be a solution of 
(5.1) with 2~ (A,,, A*). By the convexity of u we have IDu(x)l > 
(u(x) - inf, u)/d 2 (1/2d) C,(n) for x E Q’ = {x E 52; U(X) Z -$,(,J.)}, 
where d=diam(Q). Hence lul+lDul>(~+(l/2d))C,(1)>0 in Q, and 
f(x, u, Du) B g( 1 u I + I Du ( ) > a for some a > 0 independent of 1 E (A,, A*). 
Therefore by Theorem 2.1 and Remark 2.2 we have II u II 3 d M for some M 
independent of 2~ (A,,, A*). On the other hand, from (5.11) we see that, for 
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1 E [A.,, A* + 11, (5.1) has no solution on aB, provided 6 is sufficiently 
small, where B, = {u E C:(a); 11 u (1 3 < 6 }. Define the mapping S, and T as 
in the proof of Theorem 5.1. Similar to (5.5) and (5.8) we have 
deg(I-A”“T, B,\B,, 0)=0 v’1E[&,i*+l], 
deg(Z- S,, QR\BS, 0) = y = 1 for TV [0, l] 
Since S, = &“T, let A4 > R. We thus obtain two solutions of (5.1) which lie 
in Qi,\i?* and B,\$,, respectively. By the arbitrariness of &E (0, A*), we 
complete the proof of Theorem 5.2. 1 
We have treated the Dirichlet problem and proved the existence of 
two or more solutions. These results still hold for the Neumann problem, 
even for the nonhomogeneous boundary problem. Here we consider the 
following problem 
det(D*u) =1.(x, u, Du) in Q, 
D,u + a(x) u = l)(x) on a52. (5.13) 
THEOREM 5.3. Suppose f(x, z, p) E C’(a x R x R”) satisfies (2.3), 
f (x, U, p) afo > 0, CL(X), y?(x) E C’(aQ), CL(X) > a, for some cq, > 0. Then there 
exists A* > 0 such that problem (5.13) possesses at least two solutions for 
I E (0, A*), at least one solution for L = I*, and has no solution when A > A*. 
Proof. Denote A* = sup {II; (5.13) has a solution}. From Corollary 2.5 
it follows that A* is finite, and (5.13) has no solution when A > I*. 
First we prove that A* >O. Let u* E C3(0) be a convex function 
satisfying, for A> 0 sufficiently small, 
det(D2u*) > Af (x, u*, Du*) in 0, 
D,u* + a(x) u* = * on af2. (5.14) 
DenoteB=(uEC3(~~);Dyu+a(x)u=Oon~52},~=(uEB;v>OonSZ}, 
and GR = {u E @; II u II3 < R}. For R large and 1 small, we will find a 
convex solution of (5.13) with the form 
u=u*+u, VE@, (5.15) 
and consequently A* > 0. 
For any u E B, let u’ be the solution of 
det(D*u) = tAf (x, u* + u, D(u* + u)) + (1 - t) Af (x, u*, Du*) 
D,u + a(x) u = $(x) 
in Q, 
on 852. 
(5.16) 
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Set S,(u) = u’- u*. Then S, is completely continuous from [0, l] x B to B. 
u is a fixed point of S, if and only if u = u* + u is a solution of 
det(D2u) = tAf(x, u, Du) + (1 - t) A.(x, u*, Du*) 
D,u + u(x) u = $(x) 
in 0, 
0n X2. (5’17) 
If u is a solution of (5.17) with the form (5.15), then u* < u < K, where K = 
11 tj )I &x0 (see (2.5)). Hence 11 u I( 3 < M for some M independent of t E (0, 1). 
Let R > M + I( u* II 3, then there is no solution u = u* + u of (5.17) with 
II v \I 3 = R. We claim that there is no solution u = u* + v of (5.17) with u on 
the remaining part of a@,. For if v is such a solution, we have u > u*, 
and u = u* at some point X~E a which, together with D,u + a(x) u = 
D,u* + a(x) u* = 0 on &2, imply Du = Du*, D2u > D2u* at x0. But from 
(5.14) we also have 
det(D2u) - det(D2u*) < 0; 
this is a contradiction. Therefore the topological degree 
deg(Z- S,, QR, 0) = Y (5.18) 
is well defined and independent of t E [0, 11. By the maximum principle we 
have S,(V) = w-u* E GR for all u E B; hence y = 1, where w is the solution 
of 
det(D2w) = AJ(x, u*, Du*) 
D, w + a(x) w = I&X) 
in Q, 
on as2. 
Let t = 1 in (5.18). We obtain a solution of (5.13) given by (5.15). Thus 
fl*>o. 
Similar to the proof of Theorem 5.1 we see the existence of a solution u* 
of (5.13) for I = 1*. We now show that (5.13) admits at least two solutions 
for ;1 E (0, A*). Indeed, for any fixed 1 E (0, A*), (5.14) still holds for the 
solution u*; thus (5.18) holds with y = 1. From Theorem 2.1 and 
Remark 2.2 it follows that II uA [I3 < M, for any solution u1 of (5.13) 
provided ;1 E (E, A* + 1). Hence there is no solution of S,(u) = u on aB, for 
M>M,+ IIu*ll3, where B, = {u E B; II u II3 < M}. Observing that the 
compact mapping S, = S,,, depends continuously on A, we have 
deg(Z- SI,1, B,, 0) = deg(Z- s,,,. + , , B,, 0) = 0 
for AE [E, I*+ 11. Let M> R. From (5.18) we obtain two solutions of 
S,(u)=u in Cp, and B,\$,, respectively. This completes the proof of 
Theorem 5.3. 1 
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Remark 5.2. Because the tool we used in the proof of Theorem 5.1 is 
topological degree, it is not hard to see that the set of solutions (A, U) of 
(5.1) contains an unbounded component with the end-point (0,O). 
6. EQUATIONS OF PRESCRIBED GAUSS CURVATURE 
In this section we discuss briefly the existence of two or more solutions 
to the equation of prescribed Gauss curvature, 
det(D*u) =g(x, u)( 1 + 1 Du)*)(~+*)/* in 52, (6.1) 
with the boundary condition 
B(x) D,u + 4x1 u = rl/(x) on aa, (6.2) 
where y = y(x) is the unit outward normal to 852, /?, 01, and g(x, U) are 
continuous nonnegative functions, and 
a(x) 2 a0 > 0 VXEi2. 
We have 
THEOREM 6.1. Suppose (6.3) and 
lim g(x, z) = + 00 uniformly for x E G? 
i--m 
Then the solution u of (6.1), (6.2) satisfies 
Il4loQM 
where A4 depends only on a,,, 52, n, g. 
Indeed, Theorem 6.1 can be extended to the equation 
det(D*u) =f(x, u, Du) in B 
provided f(x, z, p) satisfies 
f(x, z, p) 2 g(z)/h(p) for all x E 8, z -C 0, p E R”, where 
g, h are nonnegative functions, h(p) E L’(R”), g(z) is non- 
increasing, and lim, _ --co g(z) = + co. 
That is 
(6.3) 
(6.4) 
(6.5) 
(6.6) 
(6.7) 
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THEOREM 6.1’. Suppose (6.3), (6.7) hold. Zf UE C3(12)n CO,‘(O) is a 
solution of (6.2), (6.6), then I/ u 11 3< M, where M depends only on Sz, n, g, h, 
and uo. 
ProoJ: Since g(u) < h(Du) det(D*u), we have 
5 g(u) dx < h(Du) det(D*u) dx R c R 
(6.8) 
Let 6 > 0 be given. By the convexity of u we have 
u(x) d sup I.4 + 
n 
diaI(Q)(izfu-supu)=:d 
R 
for x E Q, = {x E Q; d&(x, X?) > 6). Thus from (6.8) and the monotonicity 
of g(z) it follows that 
mes(Qd g(d) G II h II Ll(R”). (6.9) 
Since lim- &*-z g(z) = + co, combining (6.9) with (2.6) we obtain (6.5). 1 
We conclude this paper by giving the following two theorems. 
THEOREM 6.2. Suppose fe C’(a x R x R”) satisfies (6.7), (3.2)-(3.4). 
Then (6.6) possesses a nontrivial solution u E C3+“(Q) n C”,‘(n) which 
satisfies u = 0 on asz. 
The proof is just the same as that of Theorem 3.1, and is omitted here. 
Similar to Theorem 4.1, we have 
THEOREM 6.3. Suppose f E C*(fi x R x R”), U(X) E C3(8), and (4.2)-(4.4), 
(6.7) hold. Then (6.6) possesses a nontrivial solution u E C3(fi) which satisfies 
D,u+cc(x)u=~ on asz. 
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